ABSTRACT: In order to increase the sensitivity of a metal detector, this paper first applies a chaotic detection system-Duffing oscillator to metal detectors. To establish a Duffing oscillator suitable for metal detectors, this paper computes two Lyapunov characteristics exponents of Duffing oscillator by RHR algorithm, so that the two Lyapunov characteristic exponents offer quantitative criteria for chaos, and help to get the threshold in critical state more accurately. The threshold will be as the amplitude of the internal reference signal in the simulation model. Meanwhile, a corresponding simulation model of Duffing oscillator is made by the Simulink of Matlab. Simulation results indicate that Duffing oscillator is very sensitive to sinusoidal signal in high frequency cases. Experimental results show that the measurable diameter of metal particles is less than 1.5mm. Namely this method can improve the sensitivity of a metal detector effectively.
INTRODUCTION
Metal detector is a metal detection device. It can produce a sensing signal to alarm when mixed metal particles in products or a man carried metal material (such as iron, copper, stainless steel, etc.) pass by. Its detection based on physical principles of electromagnetic, radiation, etc. This paper discusses the metal detectors for food, medicine and other fields based on the principle of electromagnetic induction. This kind of detectors is widely used in industry [1] [2] [3] [4] .
In order to detect fine metal particles mixed in food, medicine, etc. a high sensitivity alarm is critical [5] . The sensitivity depends on the metal detection technology and the subsequent weak signal detection level. Since the metal impurities are very small, eddy current induced in the probe is very weak. If this induced weak signal can be detected by advanced detection technology, sensitivity will be greatly improved. The conventional detection method is using a linear filter to obtain the signal, but its sensitivity is not very high. So in order to improve the detection sensitivity, we applied chaotic detection system Duffing oscillator to metal detection, for it is sensitive to weak periodic signal and immune to noise in some degree. As far as we know, this research is the first time at home and abroad.
In recent years, along with in-depth study and extensive application of chaotic theory, people began to apply chaotic theory to weak signal detection. Duffing oscillator is one of these chaotic systems. It can detect sinusoidal weak signal in the noisy background. Here we let Duffing oscillator to detect the induced weak sinusoidal signal from the detector's probe to increase the sensitivity [6] [7] [8] [9] [10] .
Sinusoidal signal's frequency from the detector probe is generally above 10KHz [11] . But now research about Duffing oscillator for weak signal detection is mainly concentrated on about 1Hz. Research data more than 500Hz are not available [6] [7] [8] [9] , and so Duffing system phase transition threshold, state determination criterion etc. in high frequency have no available research data. To solve these problems, we set the Duffing system frequency at 31.8KHz (angular frequency 105rad/s), which is a frequency generally used in detectors, and use RHR algorithm to derive and compute Lyapunov characteristics exponents (LCE) of Duffing oscillator in high frequency. We use LCEs as a quantitative standard to determine phase transition threshold and system phase state. It is more accurate than the method to judge the system state by direct observation of phase diagrams [7, 12] . We also put different diameter metal balls in the detector, and then input the induced signal into the Duffing detection system. Results show that the system can improve the sensitivity of the detector effectively.
COMMON STRUCTURE OF A METAL DETECTOR
A metal detector is mainly composed of two parts: probe (coils) and signal processing system. Its typical configuration is shown in Figure 1 [11] . Three identical coils are arranged coaxially with the driving coil in the center and two balance coils on each side symmetrically. The product to be monitored travels parallel to the common axis through the centre of all three coils. In operation, the driving coil is given more than10kHz sinusoidal current and so it produces a sinusoidal alternating magnetic field which induces voltages in both balance coils. When there are no metal particles nearby, the induced voltages in both balance coils are the same and cancel at the amplifier. However, when a metal object passes through the coils, an eddy current is induced in the metal. It generates a different voltage between two balance coils and a resultant signal will be given in differential amplifier. The signal processing system is mainly composed of a differential amplifier and a chaotic detection system here. They can distinguish the signal given by the probe and give an alarm signal. Here we will adopt Dufffing oscillator as the chaotic detection system and discuss it in detail. Sinusoidal signals generated by a phase-locked loop (PLL) synthesizer passing through an medium-frequency(MF) power amplifier are used to drive the driving coil. Besides the components above, the detector also has a signal generating circuit (excitation circuit), computer control systems, etc. [4, 11] . Here we don't discuss them in detail but focus on chaotic detection system for metal detectors. 
Where rcosωt is the forced periodic term, ω is the angular speed, n(t) is the white noise, k is the damping constant, we usually let k=0.5, and the term -y 3 +y 5 is the nonlinear recovery force term. If k is invariable, with the gradual accretion of r, the system state will experience the interims of chummage trajectory, the bifurcation trajectory, the chaotic state, the chaotic critical state, and finally the large-scale periodic state. By observing the complete difference of phase trajectories between the chaotic state and the large-scale periodic state, we can identify the weak sinusoidal signals.
Specific detection process is as follows: we use rdcosωt as the internal reference signal of the system, where rd is the critical threshold when the system will turn from the chaotic state to the large-scale periodic state. If there is only noise acting on the system, namely there is no metal particles nearby, the system is still in its chaotic state. If there are metal particles passing by, the probe will send a sinusoidal signal, which angular frequency is ω, the system will change into large-scale periodic state. Thus by identifying the state transformation, we can detect the sinusoidal signal. So we know there are metal particles passing by.
We found that there are some problems with this approach:
(1) Sinusoidal signal frequency from the detector probe is generally above 10KHz [11] . But now research about Duffing oscillator for weak signal detection is mainly concentrated on about 1Hz. Research data more than 500Hz is not available [6] [7] [8] [9] .
(2) When we distinguish whether the system is chaotic state or large-scale periodic state, we usually use our eyes to observe the phase diagram directly. It is lack of reliable theoretical foundation. Especially due to the impact of noise, the phase diagrams often become deformed. It is difficult to distinguish the system state by our eyes. And when we use our eyes to observe the phase diagram to determine the threshold rd, we also have the same problem [7] .
To solve these problems we set the system frequency at 31.8KHz (angular frequency 105rad/s), and use RHR algorithm to compute the LCEs, which can give precise quantitative standard for state judgment and system threshold determination. In addition, LCEs can be easily used in automatic identification for engineering instead of identification by our eyes.
LCES COMPUTATION BY RHR ALGORITHM
LCEs are important criteria of whether a system is chaos or not. For the Duffing oscillator, it has two LCES. If its maximum LCE is less than zero, the system is in the periodic state; if it is greater than zero, the system is in the chaotic state. Therefore through analyzing the LCEs of chaotic detection system, the system's dynamic instant motion-state could be known clearly, and then we can make sure whether the weak sinusoidal signal presence. Meanwhile, the system threshold in the chaotic critical state can be acquired accurately.
For a certain continuous dynamic system, computation of LCEs is generally based on the QR -factorization of the fundamental solution matrix. Rangarajan G proposed RHR algorithm which can preserve the orthogonality of Q. Here we use RHR algorithm to derive differential equations for computing LCEs of the Duffing oscillator [12] .
First, we change (1) into a three-dimensional autonomous system 1 2
And there is Equation (1) can be written as
The variational equation about (4) is
Where Y(t) is a 3 by 3 matrix, I3 is the 3 by 3 unit matrix, J(t) is the Jacobin matrix for the system, and its expression is 
Since J(t) is singular, its third row elements are zero. 
LCEs can be obtained by R11, R22, R33, and their time evolution equations are ( ) ln ( )
Because R33=1, one of its LCEs is always zero. The other two LCEs are determined by the R11(t) and R22(t), so we only consider a two-dimensional subsystem. And its variational equation can be expressed as
Y1(t) is 2 by 2 matrix, I2 is 2 by 2 unit matrix, J1(t) is the Jacobin matrix of the subsystem.
Noise n(t) is not in the expression of J1(t), thus the following derivation is the same as the noise-free case. QR-factorization of Y1(t) can be written as
Substituting (12) into (10), we obtain the variational equation 
The idea of RHR algorithm is that the orthogonal matrix Q1(t) is written as a function of angle variables. To the Duffing oscillator, its orthogonal matrix Q1(t) can be expressed only by one angle θ(t)
Upper triangular matrix R1(t) can be expressed 
The Correspondent matrix elements on both sides of the (17) are equal, so we get
From the derivation above, we know that the noise change the value of y1, so it can affect the value of the LCEs through y1.
SIMULATIONS
Based on the above theoretical analysis, we made simulation model using Matlab Simulink shown in Figure 2 . Figure 2 is a schematic diagram of Duffing oscillator and also a computation model of LCEs. In this model, we let k=0.5, ω=10 5 rad/s, k1=0.5ω, k2 =ω 2 , k3=1/ω. It outputs y1 to Matlab's workshop, and then it is used to compute LCEs by RHR algorithm in the M-file Module. In order to use chaotic system to detect the weak signal, we should obtain rd, which is a threshold in the chaotic critical state. Here we use LCEs to determine rd.
First, determine the threshold rd by the model. Disconnect the white noise module, and gradually increase the amplitude of r from 0 to 1, the curves of two LCEs varied with r shown in Figure 3 . From Figure 3 , we know that, when r=0.7311118, the largest LCE changes abruptly from positive to negative. At this point, transformation of the system will take place. Detailed calculation is: when r=0.7311118, the largest LCE is 1.861 × 10 4 . At this point, the system is chaos. Then r is increased only 10 -7 to 0.7311119, the largest LCE becomes negative -2.169 × 10 4 . At this point both of the two LCEs are negative indicates that the system is changed from chaos to the large scale periodic state. From the analysis above we may consider r=0.7311118 is the threshold of system. So rd=0.7311118 and can be used as the amplitude of internal reference signal. If there is a sinusoidal signal which amplitude is equal or more than 10 -7 , the system will change from chaotic state to the large-scale periodic state at once. Thus from the state transformation we know the presence of the signal.
We set the system reference signal amplitude rd to 0.7311118. In this case one of the LCEs is positive and the other is negative. The system is chaos. If we add sinusoidal signal with amplitude equal or more than 10 -7 V, the system is changed into the large-scale periodic state immediately. If only add the band-limited white noise, the system is still chaos, which means the system is not sensitive to noise. If we add signal and the band-limited white noise together, the system will change from chaos into the large-scale periodic state at once. That is to say, if the voltage amplitude induced by the eddy-current in the metal particle is more than 10 -7 V, the system can detect it and alarm.
EXPERIMENTS
We use balance coil detector shown in Figure 1 in experiments. Driving coil and the two balance coils are the same radius of 30mm. Each coil is separated by 20mm. Sinusoidal current effective value in the driving coil is 2A, and its angular frequency is 10 5 rad/s. We use copper ball samples with different diameters in the experiments. Sample #1 has a diameter of 1.5mm, sample #2 has a diameter of 1mm, and sample #3 has a diameter of 0.8mm. Their conductivity is σ=5.8×10 7 , and the relative magnetic permeability is μr=0.999991. The distance between the copper ball and the driving coil center is 15mm.
(1) Detector output voltage of sample 1# is shown in Figure 4 (a), as a to-be-detected signal into the Duffing oscillator, the system phase diagram and LCEs are shown in Figure 4 The maximum LCE is negative shows that the system changes from the chaotic state into a large-scale periodic state. This transformation indicates that the system can detect the weak sinusoidal signal emitted by 1.5mm copper ball shown in Figure 4 (a). Namely the detector sensitivity is up to at least 1.5mm.
(2) For sample #2, the detector output voltage is shown in Figure 5(a) , as a to-be-detected signal into the Duffing oscillator, the system phase diagram and LCEs are shown in Figure 5 (b) and 5(c), the two LCEs are -3.2239×10 4 and -1.7761×10 4 respectively. The maximum LCE is negative shows that the system changes from the chaotic state into a large-scale periodic state. This transformation indicates that the system can detect the weak sinusoidal signal emitted by 1mm copper ball shown in Figure 5(a) . Namely the detector sensitivity is up to at least 1mm.
(3) For sample #3, the detector output voltage data is shown in Figure 6(a) , as a to-be-detected signal into the Duffing oscillator, the system phase diagram and LCEs curves are shown in Figure 6 , one of the LCEs is positive and the other is negative indicates that the system remains chaotic state. This experiment shows that: although the presence of copper impurities, the chaotic detection system could not detect it. Because the diameter of the sample is too small, the weak signal induced in the balance coil is too small too, it could not be detected due to the noise impact. This weak signal could not make Duffing oscillator change its state. In addition, we also use different diameter aluminum and iron ball in experiments and also have achieved satisfactory results. Aluminum sensitivity is 1mm, and iron sensitivity is 1.3mm.
CONCLUSION
This paper applies Duffing oscillator to the metal detector, and it have achieved satisfactory results in terms of improving the sensitivity of metal detectors. For a chaotic detection system, because we have adopted an RHR algorithm to computer LCEs for the critical threshold determination and for the system state quantitative judgment in the noise background, the accuracy of chaotic detection system is greatly improved. In addition, we also have gotten a first-hand data on chaotic detection system at high frequencies. Finally, experimental results show that chaotic systems for metal detection can significantly improve the sensitivity of metal detectors, and have broad application prospects.
